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I, I n t r o d u c t i o n  and Summary 
- 
For  t h e  p a s t  fou r  yea r s  t h e  Measurement Systems Laboratory 
has  been t h e  r e c i p i e n t  of NASA g r a n t  which has  supported r e -  
s ea rch  on t h e  performance of t h e  va r ious  t y p e s  of pure i n e r t i a l  
and h y b r i d  nav iga t ion  systems.  I n  a d d i t i o n ,  r e s e a r c h  on f l i g h t  
c o n t r o l  theory  and s t a t i s t i c a l  e s t i m a t i o n  t echn iques  has  been 
perforfled v i a  d o c t o r a l  l e v e l  t h e s i s  r e s e a r c h .  
S i n c e  t h e  Measurement Systems Labora tory  i s  p r i m a r i l y  an  
academical ly  o r i e n t e d  l a b o r a t o r y  i n  t h e  Department of  Aeronaut ics  
and A s t r o n a u t i c s  a t  M.I.T. ,  t h e  t h r u s t  of  t h e  g r a n t  has  been 
d i r e c t e d  toward bo th  d i r e c t  and s u p e r v i s o r y  suppor t  of s t u d e n t s  
pursu ing  advanced degrees  i n  t h e  Department, Thus many of  t h e  
r e s e a r c h  t o p i c s  have been aimed a t  e s t a b l i s h i n g  a sound b a s i s  f o r  
r e s e a r c h  i n  t h e  area of a i r c r a f t  n a v i g a t i o n  and c o n t r o l  sys tems,  
The r e s e a r c h  l e v e l  has  c o n s i s t e d  of the f u l l  t i m e  e f f o r t s  
of  a  r e s e a r c h  s t a f f  member, t h e  w r i t e r , p l u s  t h e  s e r v i c e s  o f ,  
on t h e  average ,  t h r e e  r e sea rch  a s s i s t a n t s ,  S i x  masters  and 
t h r e e  d o c t o r a l  t h e s e s  have been w r i t t e n  th rough  t h i s  g r a n t ,  
The fo l lowing  l i s t  i n d i c a t e s  t h e  s c o p e  of t h e  r e s e a r c h  t o  
d a t e .  Reports  which document t h e  r e s e a r c h  performed on t h e s e  
t o p i c s  appear  i n  t h e  p u b l i c a t i o n s  l i s t  i n  Siection 2. 
MASTER' s LEVEL RESEARCH 
1. S a t e l l i t e  I n e r t i a l  System 
2. Doppler I n e r t i a l  Systems 
3 .  S t e l l a r  I n e r t i a l  Sys tems 
4 ,  Strapdown Sys tems 
5. S t a t i s t i c a l  Es t imat ion  Techniques 
6. Hybrid A l t ime t ry  
DOCTORAL ,%SEARCH 
1, F l i g h t  Con t ro l  Systems 
2 ,  S t a t i s t i c a l  Es t imat ion  
3, I n e r t i a l  Navigat ion Theory 
STAFF RESEARCH 
- 
I n e r t i a l  Navigat ion E r r o r  Propaga t ion  
2. Str.?pdown Alignment Techniques 
3, Strapdown Navigat ion Equations 
4. P r e f l i g h t  T e s t  Procedures  
I 
5. ~ a v a i d  S t a t i s t i c a l  Modell ing 
P a r t i c u l a r  r e s e a r c h  t o p i c s  have,  i n  g e n e r a l ,  been c l o s e l y  
a l l i e d  wi th  t h e  sponso r t  s c u r r e n t  i n t e r e s t s .  S ince  N A S A ' s  
o r i g i n a l  i n t e r e s t  w a s  i n  t h e  a r e a  of  n a v i g a t i o n  systems f o r  t h e  
s u p e r s o n i c  t r a n s p o r t ,  roughly t h e  f i r s t  y e a r ' s  e f f o r t  was s p e n t  
i n  deve lop ing  t h e  performance equa t ions  f o r  n a v i g a t i o n  systems 
i n  t h e  S.S.T, f l i g h t  e n v i r o n m e ~ t .  I n  a d d i t i o n  a  number of hybr id  
systems;  s a t e l l i t e - i n e r t i a l ,  d o p p l e r - i n e r t i a l ,  and s t e l l a r -  
i n e r t i a l ;  were i n v e s t i g a t e d  v i a  t h e s i s  r e s e a r c h .  Because t h e  
s p o n s o r ' s  most r e c e n t  i n t e r e s t  was i n  t h e  a r e a  of V/STOL navi-  
g a t i o n  systems,  c u r r e n t  r e s e a r c h  has  been i n  suppor t  of t h i s  
e f f o r t .  
The Master's l e v e l  r e s e a r c h  has  emphasized t h e  performance 
o f  h y b r i d  systems i n c l u d i n g  t h e  impor t an t  problem of  a l t i m e t r y .  
The d o c t o r a l  l e v e l  r e s e a r c h  has ,  by i t s  n a t u r e ,  been concerned 
w i t h  broader  q u e s t i o n s  of  a  more t h e o r e t i c a l  na tu re .  For 
example, i n  o r d e r  t o  apply  modern e s t i m a t i o n  techniques ,  i t  
i s  neces sa ry  t o  have a  p r i o r  knowledge o f  t h e  sys tem's  n o i s e  
s t a t i s t i c s ,  This  i s  a  very  s e r i o u s  c o n s t r a i n t  i n  a  p r a c t i c a l  
s i t u a t i o n .  I n  an e f f o r t  t o  e a s e  t h i s  c o n s t r a i n t ,  Abramson 
developed an op t ima l  procedure  f o r  e s t i m a t i n g  t h e  s t a t e  o f  a 
l i n e a r  dynamical system when t h e  s t a t i s t i c s  of t h e  measurement 
and p roces s  n o i s e  a r e  poor ly  known, This  procedure  was subse- 
q u e n t l y  a p p l i e d  v i a  m a s t e r ' s  l e v e l  r e s e a r c h  by S t runce  t o  t h e  
de t e rmina t ion  of  op t imal  e s t i m a t e s  f o r  an i n e r t i a l  system 
which was a ided  by a  ground based r a d a r ,  T h i s  work was in t ended  
to be d i r e c t l y  a p p l i c a b l e  t o  t h e  VTOL flight tests which  were 
t o  be  conducted a t  Wallops by ERC and Ilangley personne l .  
Doctora l  l e v e l  r e s e a r c h  i n  t h e  a r e a  of f l i g h t  c o n t r o l  
systems has  been d i r e c t e d  toward t h e  development o f  a  a n a l y t i -  
c a l  de s ign  technique  which i s  based on eng inee r ing  s p e c i f i -  
c a t i o n s  r a t h e r  t han  on some pu re ly  na thema t i ca l  o p t i m i z a t i o n  
p roces s .  This  work was extended t o  t h e  des ign  of  systems 
w h i c h w i l l  e x h i b i t  a  low s e n s i t i v i t y  t o  changes i n  t h e  sys tem's  
open loop  parameters ,  wh i l e  a t  t h e  same t ime o b t a i n i n g  d e s i r a b l e  
c l o s e d  loop  response c h a r a c t e r i s t i c s .  The problem of  design-  
i n g  f l i g h t  c o n t r o l  systems f o r  va ry ing  f l i g h t  c o n d i t i o n s  was 
of  p a r t i c u l a r  i n t e r e s t .  
I n  a d d i t i o n ,  d o c t o r a l  l e v e l  r e s e a r c h  was performed on 
g e n e r a l  i n e r t i a l  nav iga t ion  theo ry  a s  it a p p l i e s  t o  t h e  e r r o r  
p ropaga t ion  i n  i n e r t i a l  systems of  v a r i o u s  c o n f i g u r a t i o n .  
This  r e s e a r c h  developed an e r r o r  p ropaga t ion  model which i s  
a p p l i c a b l e  t o  a  broad c l a s s  of  i n e r t i a l  n a v i g a t i o n  system 
c o n f i g u r a t i o n s .  
S t a f f  r e s e a r c h  has  been used bo th  t o  supply a  founda t ion  
f o r  t h e  t h e s i s  r e s e a r c h  and t o  d i r e c t l y  a i d  NASA i n  i t s  
expe r imen ta l  f l i g h t  t e s t  program. This  "mission o r i e n t e d "  
r e s e a r c h  has proven t o  be  mutua l ly  b e n e f i c i a l  t o  bo th  NASA 
and t h e  Measurement Systems Laboratory;  t h e  l a b o r a t o r y  be- 
i n g  a b l e  t o  supply  t e c h n i c a l  s u p e r v i s i o n  and f i n a n c i a l  a i d  
t o  g radua te  s t u d e n t s  wh i l e ,  a t  t h e  same t ime ,  performing 
r e s e a r c h  which i s ,  f o r  t h e  most p a r t ,  d i r e c t l y  a p p l i c a b l e  t o  
t h e  NASA r e s e a r c h  e f f o r t .  For example, t h e  r e s e a r c h  on 
strapdown al ignment ,  strapdown n a v i g a t i o n  equa t ion ,  and navaid  
s t a t i s t i c a l  modeling was d i r e c t l y  aimed a t  t h e  f l i g h t  t e s t i n g  
o f  an a i d e d  strapdown nav iga t ion  system i n  a  VTOL. 
The r e s e a r c h  r e p o r t e d  on concerning t h e  e r r o r  p ropaga t ion  
i n  space  s t a b i l i z e d  i n e r t i a l  nav iga t ion  systems was e x t e n s i v e l y  
used for  system c a l i b r a t i o n  a n d  i n  t h e  a n a l y s i s  of performance 
d a t a  collected during t h e  phase 1-B portion of E R C P s  program 
of  a ided  i n e r t i a l  f l i g h t  t e s t  exper iments ,  
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The fo l lowing  c o n s t i t u t e  t h e  a b s t r a c t s  from t h e  r e p o r t s  
L i s t e d  i n  S e c t i o n  2 ,  
1, S p i c e r ;  "Study of  A i r c r a f t  P o s i t i o n  F ix ing  Using t h e  
Navy Nav iga t iona l  S a t e l l i t e  System" 
' The p o s s i b i l i t y  o f  u s ing  t h e  Navy Nav iga t iona l  S a t e l l i t e  
System f o r  p o s i t i o n  f i x i n g  of supe r son ic  a i r c r a f t  (speeds  
up t o  Mach ' 2 .  7)  i s  examined. The e f f e c t s  of  e r r o r s  i n  r e -  
q u i r e d  i n p u t  d a t a  on t h e  computed p o s i t i o n  of  t h e  a i r c r a f t  
are determined f o r  v a r i o u s  pas s  ang le s  of  t h e  s a t e l l i t e  w i th  
r e s p e c t  t o  t h e  a i r c r a f t .  Resu l t s  i n d i c a t e  t h i s  system could  
be a  va luab le  a i d  t o  s u p e r s o n i c  a i r c r a f t  nav iga t ion .  
2. Sakran;  "Hybrid Doppler-Radar I n e r t i a l  Navigat ion Techniques 
f o r  t h e  Supersonic  T ranspor t  A i r c r a f t "  
Two p a r t i c u l a r  hyb r id  n a v i g a t i o n  systems u t i l i z i n g  
b o t h  i n e r t i a l  and dopp le r  r a d a r  s e n s o r s  a r e  s t u d i e d  f o r  use  
i n  h igh  speed a i r c r a f t  such a s  t h e  supe r son ic  t r a n s p o r t ,  
The systems p o s t u l a t e d  c o n s i s t  of a  semigeometric i n e r t i a l  
sys tem r e c e i v i n g  l i n e a r  v e l o c i t y  c o r r e c t i o n s  from a  Janus  
Beam a r r a y  dopple r  r ada r .  System e q u a t i o n s  a r e  l i n e a r i z e d  
assuming c o n s t a n t  a i r c r a f t  v e l o c i t y  and q u a s i s t a t i c  l a t i t u d e .  
Response t o  c o n s t a n t  component u n c e r t a i n t i e s  o f  t h e  two 
h y b r i d  d o p p l e r - i n e r t i a l  systems i s  compared t o  t h a t  of a pure  
(undamped) i n e r t i a l  nav iga to r .  The predominant e r r o r  sou rces  
are found t o  b e  e i t h e r  gyro d r i f t  o r  dopp le r  r a d a r  b i a s  
p ropaga t ing  a s  a  bounded o s c i l l a t i o n  i n  l a t i t u d e  and t r u e  
heading,  and unbounded i n  longi tude .  
3 .  Ryan; "An Optimum S t e l l a r  Monitored Strapdown Navigat ion 
Sys tem" 
Two strapdown nav iga t ion  systems a r e  s t u d i e d  f o r  u se  
i n  t h e  Supersonic  T ranspor t ,  The f i r s t  system uses  e x t e r n a l  
a l t i t u d e  in format ion  t o  s t a b i l i z e  t h e  g r a v i t a t i o n a l  computa- 
t i o n ,  b u t  o the rwi se  o p e r a t e s  i n  pure  i n e r t i a l  mode, L inea r  
e r r o r  equa t ions  a r e  ob ta ined  f o r  t h e  system, Root mean square  
p o s i t i o n  e r r o r s  a r e  computed f o r  simply desc r ibed  random 
i n p u t s  of  a l t i m e t e r  e r r o r ,  acce ie rometer  b i a s ,  a t t i t u d e  corn- 
p u t a t i o n  e r r o r s ,  and gyro d r i f t .  The predominant e r r o r  
s o u r c e  i s  gyro  d r i f t  a s  c h a r a c t e r i z e d  s t a t i s t i c a l l y  by a  
random walk p roces s .  A hyb r id  n a v i g a t i o n  system c o n s i s t i n g  
b f  a  body-mounted s t a r  t r a c k e r  coupled t o  t h e  f i r s t  navi-  
g a t i o n  system i s  a l s o  considered.,  T h e  n a t u r e  of t h i s  coupl-  
i n g  i s  determined by t h e  a p p l i c a t i o n  of  Kalman f i l t e r i n g  
techniques .  For easy  r e f e r e n c e ,  a  comparison of  t h e s e  two 
systems f o r  conlbinations of v a r i o u s  q u a l i t y  s ta r  t r a c k e r s  
and gyros  i s  p r e s e n t e d  i n  g r a p h i c a l  form. I 
4 .  B r i t t i n g ;  "Analys i s  o f  Space S t a b i l i z e d  I n e r t i a l  Navigat ion 
Systems " 
Thi s  r e p o r t  i s  a  t u t o r i a l  e x p o s i t i o n  of t h e  c l a s s  of  
i n e r t i a l  n a v i g a t i o n  systems which in s t rumen t  an i n e r t i a l l y  
n o n r o t a t i n g  c o o r d i n a t e  frame. A d e t a i l e d  d i s c u s s i o n  o f  
t h e  p o s s i b l e  t ypes  of  system mechanizat ions  i s  fol lowed by 
a  d i s c u s s i o n  and e r r o r  a n a l y s i s  o f  s e l f - c o n t a i n e d  a l ignment  
schemes. S t a b i l i z a t i o n  of  t h e  v e r t i c a l  e r r o r  i s  i n v e s t i g a t e d .  
P e r t u r b a t i o n  methods a r e  used t o  d e r i v e  l i n e a r  e r r o r  
equa t ions  which apply t o  a  high performance v e h i c l e  such a s  
the Supersonic  T ranspor t ,  The e r r o r  sou rces  t r e a t e d  c o n s i s t  
o f :  
1. Al t ime te r  u n c e r t a i n t y  
2 .  D e f l e c t i o n  of t h e  v e r t i c a l  
3.  Accelerometer u n c e r t a i n t y  and s c a l e  f a c t o r  e r r o r  
4. Gyro d r i f t  
5 ,  I n i t i a l  misalignment e r r o r  
6 ,  I n i t i a l  c o n d i t i o n  e r r o r s  
The e r r o r  equa t ions  a r e  s o l v e d  f o r  t h e  case  of  c o n s t a n t  
gyro  d r i f t  and a l t i m e t e r  u n c e r t a i n t y ,  
5, B r i t t i n g  and Pa lsson;  '"elf Alignment Techniques f o r  
Strapdown I n e r t i a l  Naviga-t-ion Systems with A i r c r a f t  
Appli  cat.ionf'  
One of t h e  more c r i t i c a l  problem a r e a s  i n  t h e  app l i ca -  
t i o n  of  strapdown i n e r t i a l  t echniques  t o  t h e  n a v i g a t i o n  o f  
commercial a i r c r a f t  i s  t h a t  of  i n i t i a l  a l ignment ,  A two 
s t a g e  se l f - a l i gnmen t  scheme which appears  promising i n  t h i s  
kegard  i s  exp lo red ,  The f i r s t  o r  "coarse"  a l ignment  s t a g e  
u t i l i z e s  t h e  measurement of  t h e  g r a v i t y  and e a r t h  r o t a t i o n  
v e c t o r s  t o  d i r e c t l y  compute t h e  t r ans fo rma t ion  m a t r i x  re- 
l a t i n g  t h e  body frame t o  a  r e f e r e n c e  frame. A l i n e a r i z e d  
e r r o r  a n a l y s i s  i s  presen ted .  The second " f i n e "  a l ignment  
s t a g e  c o r r e c t s  t h e  i n i t i a l  e s t i m a t e  of  t h e  t r ans fo rma t ion  
by f eed ing  back a  computed angu la r  v e l o c i t y  command t o  t h e  
t r a n s f o r m a t i o n  computer. This  c o r r e c t i o n  s i g n a l  i s  com- 
pu ted  by us ing  e s t i m a t e s  of t h e  e r r o r  ang les  between a 
known r e f e r e n c e  frame and t h e  cor responding  computed frame. 
Kalman f i l t e r i n g  techniques  a r e  used t o  inplement t h i s  
t echnique  and an e r r o r  a n a l y s i s  i s  p re sen ted .  
6. Abramson; "Simultaneous Es t imat ion  of  t h e  S t a t e  and Noise 
S t a t i s t i c s  i n  L inea r  Dynamical Systems" 
An op t ima l  procedure  f o r  e s t i m a t i n g  t h e  s ta te  of  a 
l i n e a r  dynamical  system when t h e  s t a t i s t i c s  of t h e  measure- 
ment and p roces s  n o i s e  a r e  poor ly  known i s  developed. The 
c r i t e r i o n  o f  maximum l i k e l i h o o d  i s  used t o  o b t a i n  a  op t imal  
e s t i m a t e  of  t h e  s t a t e  and n o i s e  s t a t i s t i c s .  These e s t i m a t e s  
a r e  shown t o  be  a sympto t i ca l ly  unbiased ,  e f f i c i e n t ,  and 
unique,  w i t h  t h e  e s t i m a t i o n  e r r o r  normally d i s t r i b u t e d  w i t h  
a  known covar iance.  The r e s u l t i n g  equa t ions  f o r  t h e  est i-  
mates cannot  be  so lved  r e c u r s i v e l y ,  b u t  an i t e r a t i v e  pro- 
cedure  f o r  t h e i r  s o l u t i o n  i s  p r e s e n t e d ,  S e v e r a l  approxima'te 
s o l u t i o n s  a r e  p r e s e n t e d  which r educe  t h e  necessary  compu- 
t a t i o n s  i n  f i n d i n g  t h e  e s t i m a t e s ,  Same of t h e  approximate 
s o l u t i o n s  a l l o w  a real time estimation of t h e  state and 
n o i s e  s t a t i s t i c s .  
Close ly  r e l a t e d  t o  t h e  e s t i m a t i o n  problem i s  t h e  
s u b j e c t  of hypo thes i s  t e s t i n g ,  Several c r i t e r i a  are  
developed f o r  t e s t i n g  hypotheses  concern ing  t h e  va lues  
of  t h e  n o i s e  s t a t i s t i c s  t h a t  a r e  used i n  t h e  computation of 
t h e  a p p r o p r i a t e  f i l t e r  ga ins  i n  a  l i n e a r  Kalman t y p e  
s t a t e  e s t i m a t o r .  I f  t h e  observed measurements a r e  n o t  
c o n s i s t e n t  w i th  t h e  assumptions abou t  t h e  n o i s e  s t a t i s t i c s ,  
I 
%hen e s t i m a t i o n  of  t h e  n o i s e  s t a t i s t i c s  should  be  under- 
t aken  u s i n g  e i t h e r  op t imal  o r  subopt imal  procedures .  
Numerical r e s u l t s  of a d i g i t a l  computer s imu la t ion  
o f  t h e  op t ima l  and subopt imal  s o l u t 2 o n s  of  t h e  e s t i m a t i o n  
problem a r e  p re sen ted  f o r  a  s imple  b u t  r e a l i s t i c  example. 
7. Ki l l i ngswor th ;  "Computation Frames for Strapdown I n e r t i a l  
Sys tems " 
Three c o n f i g u r a t i o n s  of a  strapdown nav iga t ion  system 
a r e  analyzed t o  de te rmine  t h e  e f f e c t  of mechanizing d i f -  
f e r e n t  computation frames. For systems computing i n  t h e  
n a v i g a t i o n  frame and i n  an i n e r t i a l  f rame,  a  l i n e a r  a n a l y s i s  
i s  developed.  These l i n e a r  t h e o r i e s  a r e  v e r i f i e d  a s  ac- 
c u r a t e  anaLyt ica1  d e s c r i p t i o n s  of the systems by a  com- 
p u t e r  s o l u t i o n  o f  t h e  system d i f f e r e n t i a l  equa t ions  by nu- 
mer i ca l  methods. Gyro d r i f t  and t o r q u i n g  u n c e r t a i n t y  a r e  
found t o  be  t h e  predominant e r r o r  s o u r c e s ,  I n  t h e  system 
computing i n  t h e  geographic  frame, these two e r r o r  sou rces  
r e s u l t  i n  bounded l a t i t u d e  e r r o r  b u t  unbounded long i tude  
e r r o r .  For i n e r t i a l  frame computation t h e s e  two e r r o r  
sou rces  r e s u l t  i n  unbounded e r r o r s  for both  long i tude  and 
l a t i t u d e .  
8. Ruth; "Analys i s  of  E r r o r  Propaga t ion  i n  A i r c r a f t  I n e r t i a l  
Navigat ion Systems" 
An a n a l y s i s  i s  p re sen ted  of t h e  dominant sou rces  of  
e r r o r  i n  t h r e e  d i f f e r e n t  a i r c r a f t  i n e r t i a l  n a v i g a t i o n  systems,  
The t h r e e  systems studied, a l l  o f  which are undamped, a r e :  
(1) A l o c a l - l e v e l  f r e e  azimuth system 
( 2 )  A s p a c e - s t a b i l i z e d  system 
( 3 )  A strap-down system 
LinearLzed mathematical  e r r o r  models d e s c r i b e  each system, 
wh i l e  t h e  use  of a  d!.gital computer i s  neces sa ry  t o  perform 
th ,+ r e q u i r e d  s imu la t ions .  , 
Various f l i g h t  p a t h s  and maneuvers a r e  s imula ted ,  and 
&he p o s i t i o n  e r r o r s  a r e  analyzed on t h e  b a s i s  of t h e  sou rces  
c o n t r i b u t i n g  t o  t h e  e r r o r .  I t  i s  assumed t h a t  t h e  sou rces  
o f  t h e  e r r o r s  a r e  conta ined  i n  t h e  i n s t rumen t s  mounted i n  
each  system. The e r r o r  models r e p r e s e n t i n g  t h e  gyros  and 
acce l e rome te r s  f o r  each system a r e  d e s c r i b e d  i n  t h e  paper .  
The gyros  a r e  assumed t o  be  of t h e  single-degree-of-freedom 
f l o  he acce l e rome te r s  a r e  
assumed t o  be  of t h e  pu l sed ,  i n t e g r a t i n g ,  f l o a t e d ,  pendulum 
type .  The e f f e c t s  of g r a v i t a t i o n a l  a t t r a c t i o n ,  i n e r t i a l  
a c c e l e r a t i o n ,  l i n e a r  v e l o c i t y ,  angu la r  v e l o c i t y ,  and angu la r  
a c c e l e r a t i o n  on t h e  p o s i t i o n  e r r o r  of  t h e  systems are pre-  
s e n t e d  and analyzed,  The f a c t o r  of e l a p s e d  t ime ,  s h o r t  dura- 
t i o n  miss ions  ve r sus  long d u r a t i o n  mis s ions ,  i s  d i scussed .  
The dominant sou rces  of e r r o r  f o r  t h e  v a r i o u s  systems a r e  
i d e n t i f i e d  and analyzed.  
For  t h e  s p e c i f i c  systems s t u d i e d  i n  t h i s  paper ,  con- 
c l u s i o n s  a r e  drawn p e r t a i n i n g  t o  t h e  va lue  gained by f l i g h t  
t e s t i n g  o f  t h e s e  systems.  I t  i s  shown t h a t  t h e  e f f e c t s  o f  
t h e  dynamics of t h e  f l i g h t  pa th  on t h e  systems '  performance 
do n o t  produce t h e  dominant terms,  f o r c i n g  t h e  p o s i t i o n  e r r o r s ,  
I n  f a c t ,  adequate  knowledge of t h e  sys tems '  performance 
may be gained by l a b o r a t o r y  and van-road t e s t i n g  of  t h e  
system. I t  i s  shown t h a t  t h e  dominant e r r o r  sou rces  a r e  
p r i m a r i l y  a f f e c t e d  by g r a v i t a t i o n a l  a t t r a c t i o n  and e l apsed  
t ime;  t h e r e f o r e ,  t he  a d d i t i o n a l  c o s t s  of f l i g h t  t e s t i n g  
systems of t h e s e  types  f o r  performance parameters  appear t o  
be  u n j u s t i f i e d ,  
I t  i s  r e a l i z e d  t h a t  c e r t a i n  a s s ~ " l i ~ p t i o n s  made i n  t h e  
development o f  t h l s  t o p i c  may i n f l u e n c e  t h e  r e s u l t s ,  How- 
e v e r ,  t h e  assumptions and t h e i r  possib1.e r a m i f i c a t i o n s  on 
t h e  systems performance a r e  d i s c u s s e d ,  
Rediess ;  "A New Model Performance Index Engineer ing Design 
of  Con t ro l  Systems" 
The theo ry  and a p p l i c a t i o n  of  a new performance index ,  
t h e  Model P I ,  t h a t  b r i n g s  e n g i n e e r i n g  des ign  s p e c i f i c a t i o n s  
i n t o  t h e  a n a l y t i c a l  des ign  p roces s  i s  developed. A para-  
m e t e r  o p t i m i z a t i o n  des ign  procedure  i s  e s t a b l i s h e d  t h a t  s t a r t s  
w i t h  p r a c t i c a l  eng inee r ing  s p e c i f i c a t i o n s  and uses  t h e  
Model P I  a s  a  s y n t h e s i s  t o o l  t o  o b t a i n  a s a t i s f a c t o r y  des ign .  
Although t h e  techniques  apply t o  l i n e a r ,  t ime i n v a r i a n t ,  
d e t e r m i n i s t i c  c o n t r o l  systems i n  g e n e r a l ,  t h e  t h e s i s  i s  deve- 
loped  i n  t h e  c o n t e x t  of f l i g h t  c o n t r o l  systems i n  o r d e r  t o  
emphasize t h e  r e l a t i o n s h i p  of r e a l i s t i c  des ign  requi rements  
t o  t h e  s y n t h e s i s  p rocess .  The Model P I  r e p r e s e n t s  a  new 
c r i t e r i o n  f o r  approximating one dynamical  system by a n o t h e r ,  
based  on a  nove l  geomet r ica l  r e p r e s e n t a t i o n  of l i n e a r  auto-  
nomous systems,  I t  i s  shown t o  be  an a f f e c t i v e  performance 
index  i n  des ign ing  p r a c t i c a l  sys tems and i s  shown t o  be 
s u b s t a n t i a l l y  more e f f i c i e n t  t o  u se  t h a n  a  comparable model- 
r e f e r e n c e d  i n t e g r a l  e r r o r  performance index.  A g e n e r a l  d i g i -  
t a l  computer program f o r  c o n t r o l  sys tem des ign  us ing  t h e  
Model P I  i s  developed. I ts  u s e f u l n e s s  i s  demonstrated by 
t h r e e  p r a c t i c a l  f l i g h t  c o n t r o l  sys tem des ign  examples. 
Some i n t e r e s t i n g  developments i zx  l i n e a r  op t imal  c o n t r o l  
r e s u l t i n g  from t h e  Model P I  t heo ry  axe presen ted .  The Model 
P I  i s  shown t o  prov ide  a  means o f  i n t e r p r e t i n g  t h e  s t a t e  
v e c t o r  weigh t ing  ma t r ix  i n  terms of a model which t h e  op t imal  
s y s t e n  w i l l  approach i n  a  l i m i t i n g  ea5e .  An i n t e r e s t i n g l y  
s imp le  s o l u t i o n  of t h e  l i n e a r  o p t i m a l  c o n t r o l  s y n t h e s i s  pro- 
cedure  u s i n g  one r o o t  square  locus  is p resen ted ,  
1 0 ,  B r i t t i n g ;  " S t a t e  T r a n s i t i o n  Matr ix  f o r  I n e r t i a l  Navigat ion 
S y s terns &' 
This  r e p o r t  fo rmula tes  and s o l v e s  i n  s t a t e  space  nota-  
t i o n  t h e  e r r o r  e q u a t i o n  f o r  i n e r t i a l  n a v i g a t i o n  systems.  
The system is  assumed t o  be  moving a t  a  c o n s t a n t  c e l e s t i a l  
l o n g i t u d e  r a t e .  The s t a t e  t r a n s i t i o n  m a t r i x  is e x p l i c i t l y  
d e r i v e d  bo th  f o r  long-term and sho r t - t e rm ope ra t ion .  Examples 
are inc luded  t o  demonstra te  t h e  e a s e  w i t h  which t h e  s t a t e  
A-c. ~ ~ ~ n s i t i o n  ~ a t r i x  can be used for error a n a l y s i s .  
11. B r i t t i n g ;  "Strapdown Navigat ion Equat ions  f o r  Geographic and 
Tangent Coord ina te  Frames" 
S i x  c o o r d i n a t e  frames r e l e v a n t  t o  t h e  o p e r a t i o n  of a  
r a d a r  a i d e d  strapdown i n e r t i a l  n a v i g a t i o n  system a r e  de f ined  
and t h e  r e l a t i o n s h i p s  between t h e s e  frames a r e  e s t a b l i s h e d .  
A n a l y t i c  exp res s ions  f o r  t h e  s p e c i f i c  f o r c e  a r e  de r ived  f o r  
t h e  c a s e s  of  computation i n  t h e  l o c a l  geographic  frame and 
i n  t h e  t angen t  c o o r d i n a t e  frame, An a lgo r i t hm f o r  t h e  s o l u t i o n  
o f  t h e  d i r e c t i o n  c o s i n e  m a t r i x  i s  i n d i c a t e d .  Approximate 
a n a l y t i c  r e l a t i o n s  a r e  de r ived  which r e l a t e  t h e  change i n  
l a t i t u d e  and l o n g i t u d e  t o  t h e  r a d a r  coo rd ina t e s .  
12. Johanson; "Unce r t a in ty  Es t imat ion  V i a  P r e f l i g h t  T e s t  
Procedures  f o r  a Space S t a b i l i z e d  I n e r t i a l  Navigat ion System" 
A s p a c e  s t a b i l i z e d  i n e r t i a l  n a v i g a t i o n  system i s  used 
i n  VTOL a i r c r a f t  where f l i g h t  t imes  o f  a maximum of  one and 
a  h a l f  hours  d u r a t i o n  i s  expected.  Th i s  r e p o r t  d e a l s  w i th  
t h e  u s e f u l n e s s  of a  p r e f l i g h t  t e s t  run  on a  s t a t i o n a r y  base  
l a s t i n g  less t h a n  20 minutes i n  e s t i m a t i n g  t h e  I.N.S. un- 
c e r t a i n t i e s .  The use  of d a t a  from t h e  al ignment phase i s  
a l s o  d i s c u s s e d ,  A s imple  e s t i m a t i o n  procedure  n o t  i n c l u d i n g  
any op t imal  f i l t e r i n g  techniques  i s  assumed. The e r r o r  pro- 
paga t ion  f o r  a maximum one and a  h a l f  hour run is de r ived  when 
compensation s i g n a l s  wi th  and wi-thout a succeeding r e a l i g n -  
ment of t h e  p l a t f o r m  i s  a p p l i e d ,  
1 3 ,  St runce ;  "Estimation of  Measurement Noise S t a t i s t i c s  i n  
Aided I n e r t i a l  Naviya t icn  S y ~ t e i n ~ ' '  
A s t udy  was made of an i t e r a t i v e  proeedu1:e f o r  
de te rmin ing  an op t ima l  e s t i i na t e  of measurement n o i s e  
s t a t i s t i c s .  Random n o i s e  was i n c o r p o r a t e d  i n  t h e  pos i -  
t i o n  f i x e s  used t o  update  a  Kalman-Fil tered i n e r t i a l  
n a v i g a t i o n  system. A second system w a s  u.pdated wi th  
p o s i t i o n  f i x e s  o b t a i n e d  from a ground based r a d a r  where 
random n o i s e  was in t roduced  i n  range,  e l e v a t i o n  ang le ,  
and azimuth ang le .  The v a r i a n c e  o f  t h e  measurement n o i s e s  
w a s  e s t i m a t e d  by a  procedure  based on t h e  c r i t e r i o n  of  
maximurn l i k e l i h o o d .  I 
1 4 ?  Johansen; "A Survey of General  Coverage Navaids f o r  
V/STOL A i r c r a f t  -A VOR/D&E E r r o r  Model" 
A promising nav iga t ion  concept  f o r  t h e  V/STOL a i r -  
c r a f t  i s  t o  make a  hybr id  system compris ing a low c o s t  
i n e r t i a l  n a v i g a t i o n  system which i s  updated by a  r a d i o  
n a v i g a t i o n  a i d .  This  r e p o r t  g i v e s  a s h o r t  d e s c r i p t i o n  
of s u i t a b l e  en r o u t e  and t e r m i n a l  r a d i o  nava ids  which 
a r e  a v a i l a b l e  o r  may be a v a i l a b l e  d u r i n g  t h e  n e x t  decade. 
A s t a t i s t i c a l  model f o r  t h e  VOR/DME e r r o r s  i s  de r ived  
t o g e t h e r  w i t h  o t h e r  i n fo rma t ion  r e q u i r e d  by a  Kalman 
f i l t e r  approach t o  e s t i m a t e  t h e  h y b r i d  nav iga t ion  system 
e r r o r s .  
B r i t t i n g ;  " E r r o r  Analys i s  of  Strapdown and Loca l  Level  
I n e r t i a l  Systems which Compute i n  Geagraphic  Coordinates"  
This  r e p o r t  i s  a  t u t o r i a l  exposzkion of  two broad 
c l a s s e s  of  strapdown and l o c a l  l e v e l  i n e r t i a l  nav iga t ion  
systems which perform t h e i r  n a v i g a t f ~ o n a l  computatioils i n  
t h e  l o c a l  geographic  c o o r d i n a t e  f rame,  The strapdown 
c h a p t e r  i n c l u d e s  d i s c u s s i o n s  o f  t h e  d i r e c t i o n  cos ine  up- 
date procedure ,  a l ignment  t echniques  and ins t rument  re- 
dundaiicy. A n  a n a l y s i s  of e r r o r  soui-c~es p e c u l i a r  t o  t h e  
strapdown mechanizat ion i s  fol lowed by a p e r t u r b a t i o n  type  
e r r o r  a n a l y s i s  which shows t h a t  t h e  b a s i c  e r r o r  equa t ions  
a r e  i d e n t i c a l  t o  t h o s e  which d e s c r i b e  t h e  behavior  of  t h e  
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l o c a l  l e v e l  p l a t fo rm system, The e r r o r  a n a l y s i s  of t h e  
l o c a l  l e v e l  system i s  fol lowed by a r a t h e r  complete s e t  
o f  a n a l y t i c  and computer s o l u t i o n s  f o r  bo th  t h e  s t a t i o n a r y  
and moving nav iga t ion  c a s e s ,  The e f f e c t  of t h e  Foucaul t  
made on t h e  v a l i d i t y  of  t h e  a n a l y t i c  s o l u t i o n s  i s  d i scussed .  
The r e s u l t s  o f  t h e  e r r o r  a n a l y b i s  are a p p l i c a b l e  t o  bo th  
n a v i g a t i o n  system mechanizat ions ,  
1 6 .  Jankowski ; "Hybrid A l t ime te r  Using a Strapdown I n e r t i a l  
Naviga t ion  System" 
S e v e r a l  methods of  combining the  o u t p u t  of a  strapdown 
i n e r t i a l  n a v i g a t i o n  system w i t h  an e x t e r n a l  measurement of  
a l t i t u d e  are i n v e s t i g a t e d .  This  combined in format ion  i s  
used i n  t h e  computation of t h e  g r a v i t y  f i e l d  v e c t o r  of  t h e  
e a r t h .  The computation uses  t h e  t w o  sources  of in format ion  
i n  a  manner which minimizes t h e  e r r o r  i n  t h e  i n d i c a t e d  pos i -  
t i o n  due t o  t h e  component e r r o r s  i n  t h e  a l t i m e t e r s  and t h e  
gyros .  Two sub-optimal hybr id  a l t i m e t e r  c o n f i g u r a t i o n s  a r e  
cons idered .  The f i r s t  a l t i m e t e r  m i x e s  r a d a r  a l t i t u d e ,  which 
c o n t a i n s  no dynamic l a g ,  w i t h  v e r t i c a l  a c c e l e r a t i o n ;  t h e  
second combines baromet r ic  a l t i t u d e ,  which c o n t a i n s  dynamic 
l a g ,  w i t h  v e r t i c a l  a c c e l e r a t i o n .  T h e  s t eady  s t a t e  mean 
squared e r r o r  of  e i t h e r  hyb r id  system i s  n o t  reduced by t h e  
i n c l u s i o n  of v e r t i c a l  a c c e l e r a t i o n  d a t a .  The r e s u l t s  of 
l i n e a r  op t imal  f i l t e r i n g  theo ry  f o r  d i s c r e t e  systems a r e  
reviewed. The l i n e a r  op t ima l  f i l t e r i n g  theory  i s  a p p l i e d  
t o  t h e  problem of hybr id  a l t i m e t r y .  I t  i s  shown t h a t  a 
combination of a  r a d i o  a l t i m e t e r ,  ba rome t r i c  a l t i m e t e r  
and v e r t i c a l  a c c e l e r a t i o n  reduces  the mean squared e r r o r  
i n  t h e  e s t i m a t e  of a l t i t u d e  t o  a  g r e a t  e x t e n t .  I t  i s  a l s o  
shown t h a t  t h i s  accuracy i s  on ly  v e r y  l i g h t l y  s e n s i b l e  t o  
t h e  e r r o r  ang le  i n  t r a c k i n g  t h e  v e r k l c a l .  
17,  B r i t t i n g ;  "Uni f ied  E r r o r  Analys i s  o f  T e r r e s t r i a l  I n e r t i a l  
Navigat ion Systems" 
The e r r o r  equa t ions  f o r  a  broad c l a s s  of t e r r e s t z i a l  
i n e r t i a l  nav iga t ion  s y s  terns a r e  developed us ing  3.i.nea.r 
p e r t u r b a t i o n  techniques ,  A system of m a t r i x  n o t a t i o n  i s  
developed which unambiguously d e s c r i b e s  t h e  i n t e r a c t i o n  of 
t h e  p h y s i c a l  system wi th  t h e  n a v i g a t i o n  computer w i t h a u t  t h e  
a r t i f i c e  o f  a s s o c i a t i n g  a  coo rd ina t e  frame w i t h  t h e  computer, 
The developed a n a l y t i c a l  t echniques  a r e  v a l i d a t e d  by comparing 
r H s u l t s  ob t a ined  us ing  t h e  l i n e a r  p e r t u r b a t i o n  methods w i t h  a 
closed-form a n a l y t i c  s o l u t i o n  of t h e  l a r g e  angle  system d i f - -  
f e r e n t i a l  equa t ions  f o r  a  r e s t r i c t i v e  c a s e ,  The e r r o r  equa- 
t i o n s  f o r  space  s t a b i l i z e d  and l o c a l  l e v e l  mechanizations 
a r e  developed and t h e  e f f e c t s  of e x t e r n a l l y  sumppl ied a l t i t u d e  
in format ion  a r e  s t u d i e d .  The a n a l y s i s  shows t h a t  t h e s e  two 
r a t h e r  d i v e r s e  mechanizat ions  have i d e n t i c a l  c h a r a c t e r i s t i c  
m a t r i c e s ,  d i f f e r i n g  only  i n  t h e i r  f o r c i n g  func t ions .  I f  t h e  
e r r o r  s t a t e  v e c t o r  c o n s i s t s  of t h e  sys t em ' s  a t t i t u d e  and 
p o s i t i o n  e r r o r s ,  t h e  e r r o r  equa t ions  are s a i d  t o  be i n  t h e  
canon ica l  form. The a n a l y s i s  t echn iques  a r e  t hen  brought  
t o  b e a r  on a  g e n e r a l  t e r r e s t r i a l  n a v i g a t i o n  system conf igura-  
t i o n  f o r  which bo th  t h e  mechanized and computat ional  r e f e r e n c e  
frames are a r b i t r a r y .  I t  i s  found t h a t  i f  a  non l inea r  e s t i -  
mator i s  used t o  combine t h e  e x t e r n a l  and  i n e r t i a l l y  d e r i v e d  
a l t i t u d e  in fo rma t ion ,  t h e  e r r o r  equat$ons can aga in  be  
w r i t t e n  i n  t h e  canonica l  form. The u n i f i e d  theory  i s  a p p l i e d  
t o  o b t a i n  t h e  e r r o r  equa t ions  f o r  s p a c e  s t a b i l i z e d ,  l o c a l  
l e v e l ,  f r e e  azimuth,  r o t a t i n g  azimuth, and s t rapdotvn.conf igura-  
t i o n s  . 
Marcus; "Computational Comparison o f  Strapdown System 
A t t i t u d e  Algori thms" 
The a c c u r a c i e s  of two strapdown sys tem a t t i t u d e  
a lgo r i t hms  a r e  compared by d i g i t a l  com.puter s imu la t ion  of  
t h e  a lgo r i t hms '  r-sponse t o  s p e c i f i e d  a n g u l a r  i n p u t  
r a t e s ,  For c o n s t a n t  r a t e  c a s e s ,  both  the d i r e c t i o n  cos ine  
m a t r i x  ( D = C , M ,  ) t echnique  and t h e  Eu le r  parameter  
t echnique  gave r i s e  t o  l i n e a r l y  growing d r i f t  angle  
e r ro r s . .  The e r r o r s  i n c u r r e d  by t h e  E u l e r  parameter  
t echnique  w e r e  s i g n i f i c a n t l - y  l e s s  t han  t h o s e  i n c u r r e d  
by t h e  d i r e c t i o n  c o s i n e  ma t r ix  scheme. 
For t h e  c a s e s  where t h e  s imu la t ed  body motions 
were p u r e l y  s i n u s o i d a l ,  t h e  d r i f t  e r r o r s  i n c u r r e d  by 
bo th  techniques  were bounded s i n u s o i d s  having t h e  same 
p e r i o d s  a s  t h e  a p p l i e d  a n c u l a r  i n p u t s .  The magnitudes 
of  t h e  bounds were agaLn l e s s  f o r  t h o s e  r o u t i n e s  u s ing  
Eu le r  parameters  r a t h e r  than  D.C.M. schemes. The mag- 
n i t u d e s  o f  t h e  bounds f o r  t h i s  case  w e r e  a l s o  found t o  
be p r o p o r t i o n a l  t o  t h e  i n p u t  angu la r  r a t e  r a i s e d  t o  t h e  
power of t h e  o r d e r  of t h e  numerical  i n t e g r a t i o n  scheme 
employed. 
Ryan; "Alignment and C a l i b r a t i o n  of a Strapdown I n e r t i a l  
Measuring Uni t"  
Alignment r e f e r s  t o  a  s e l f - c o n t a i n e d  p roces s  of 
c a l c u l a t i n g  t h e  d i r e c t i o n  cos ine  t r ans fo rma t ion  t h a t  re- 
l a t e s  t h e  axes  i n  t h e  strapdown i n e r t i a l  measuring 
u n i t  ( I M U )  t o  t h e  l o c a l  geographic  c o o r d i n a t e s .  Three 
a l ignment  methods are analyzed.  
The f i r s t  t e chn ique ,  open loop  i n  n a t u r e ,  u se s  t h e  
acce le rometer  and gyro measurements t o  e v a l u a t e  t h e  d i -  
r e c t i o n  c o s i n e  ma t r ix .  The o u t p u t s  o f  t h e  i n e r t i a l  
i n s t rumen t s  a r e  averaged f o r  a p e r i o d  of time s o  a s  t o  
reduce  t h e  e f f e c t  o f  base  motion d i s t u r b a n c e s  and i n s t r u -  
ment n o i s e .  The i n h e r e n t  accuracy o f  t h i s  method i s  
r a t h e r  low, c h i e f l y  because even a  s m a l l  amount o f  angu la r  
r o t a t i o n  complete ly  swamps tile e a r t h  ra te  s i g n a l .  Appli- 
c a t i o n  of t h i s  t echnique  i s  l i m i t e d  t o  ve ry  benign 
environments such a s  might e x i s t  i n  a l a b o r a t o r y .  
The second method i n v e s t i q a t e s  a c lo sed  Loop s t r a p -  
down gyrocompass, t h e  des ign  of which i s  based on c l a s s i -  
c a l  au toma t i c  c o n t r o l  c o n s i d e r a t i o n s .  The r e s ~ ~ l t s  
show t h a t  gyrocompassing o f  2 strapdown I M U  i s  complete ly  
analogous t o  f i x e d  base  gyrocompassing o f  a  convent iona l  
g imbal led  IIIU. The " l e v e l i n g "  accura.cy of t h i s  sys tem 
i s  l i m i t e d  by t h e  h o r i z o n t a l  p r o j e c t i o n s  of  s p e c i f i c  
f o r c e  u n c e r t a i n t y ,  and t h e  azimuth a.ccuracy i s  bounded 
by t h e  e a s t  copponent of  gy ro  d r i . f t .  
The f i n a l  scheme employs op t ima l  f i l t e r i n g  tech-  
n i q u e s  t o  s p e c i f y  a  c lo sed  loop  gyrocompass and t o  e s t i -  
mate i n s t rumen t  u n c e r t a i n t i e s .  The accuracy of t d i s  
system i s  l i m i t e d  by t h e  "unobservable  s t a t e  v a r i a b l e s " ,  
t h e  e a s t  component o f  gyro d r i f t ,  and t h e  n o r t h  and e a s t  
components o f  acce l e rome te r  b i a s .  The e f f e c t  i s  e n t i r e l y  
s i m i l a r  t o  t h a t  which e x i s t s  i n  t h e  d e t e r m i n i s t i c  c a s e .  
The s t a t i s t i c a l  f i l t e r  i s  a b l e  t o  deduce t h e  n o r t h  and 
v e r t i c a l .  components o f  gyro d - r i f t  and t h e  v e r t i c a l  ac-  
ce l e rome te r  b i a s .  A l ignsen t  t ime f o r  t h i s  scheme i s  
f a s t e r  t han  t h e  s e t t i n g  t i m e s  f o r  a  convent iona l  gyro- 
compass d e s i g n .  
